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ON THE THEORY OF THE BELTRAMI EQUATION
IO TEOPII PIBHAHHSI BEJIbTPAMI

We study ring homeomorphisms and, on this basis, obtain a series of theorems on existence of the so-called ring
solutions for degenerate Beltrami equations. A general statement on the existence of solutions for the Beltrami
equations is formulated extending earlier results. In particular, we give new existence criteria of homeomorphic
solutions f of the class Wli’cl with f~1 ¢ Wﬁ)’f in terms of tangential dilatations and functions of finite mean
oscillation. The ring solutions also satisfy additional capacity inequalities.

BuBuaroThCs1 KiJibLIEBi roMeoMOpi3Mu, i Ha 1iii MiICTaBl OTPUMAHO HU3KY TEOPEM MPO iCHYBaHHS TaK 3BaHUX
KiZIbEeBUX PO3B’sA3KiB BUPO/KEeHHX piBHAHBL BesbTpami. ChopMy1b0BaHO 3arajibHe TBEPAKEHH NPO iCHY-
BaHHs PO3B’A3KiB piBHAHb BesibTpami, 10 y3arasjbHIOE OiJIbII paHHI pe3yJsbTaTu. 30Kpema, HaBe[eHO HOBi
KpuTepii icHyBaHHs roMeoMOpHUX po3B’sA3KiB f KJacy Wli’cl sf~lte Wli’f y TepMiHax TaHIeHIiaIbHUX
nunaraniii Ta PyHKIA CKIHYEHHOTo cepeiHboro KosiBaHHs. KisblieBi po3B’ 3K 3a10BOJIbHSIOTH TAKOXK
JIO/IaATKOBI €EMHICHI HEPiBHOCTI.

1. Introduction. As known, the Beltrami equation plays an important role in the mapping
theory. The main goal of this paper is to present general principles which allow to obtain
variety of conditions for the existence of homeomorphic ACL solutions in the degenerate
case. Our existence theorems are proved by an approximation method.

Let D be a domain in the complex plane C, i.e., open and connected subset of C, and
let u: D — C be a measurable function with |(z)| < 1 a.e. The Beltrami equation is
the equation of the form

fE:/J(Z) 'fz (1)

where fz = 5Jc = (fa+ify)/2, f- =0f = (fo —ify)/2, 2 = v+ iy, and f; and f, are
partial derivatives of f in = and y, correspondingly. The function p is called the complex
coefficient and

1+ p(2)|
1—u(2)|
the maximal dilatation or in short the dilatation of the equation (1). The Beltrami equa-
tion (1) is said to be degenerate if

Ku(z) = (2)

esssup K, (z) = oo. (3)

An ACL homeomorphism f: D — C is called a ring solution of the Beltrami equa-
tion (1) if f satisfies (1) ae., f~! € VVl(l)C2 and f is a ring @)-homeomorphism at every
point zo € D with Q(z) = K} (2, z0) where the function

) ]1 e
B2 = e W

is called the tangential dilatation with respect to zg, cf. [1 —3]. For the definition of ring
Q-homeomorphisms, see Section 2. The terms have been first introduced in [4].

Recall that a mapping f: D — C is absolutely continuous on lines, abbr. f € ACL,
if, for every closed rectangle R in D whose sides are parallel to the coordinate axes, f|R
is absolutely continuous on almost all line segments in R which are parallel to the sides of
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R. In particular, f is ACL if it belongs to the Sobolev class VVIOC , see e.g. [, p. 8]. Note
that, if f € ACL, then f has partial derivatives f, and f, a.e. and, thus, by the well-known
Gehring — Lehto theorem every ACL homeomorphism f: D — C is totally differentiable
a.e., see [6] or [7, p. 128]. For a sense-preserving ACL homeomorphism f: D — C, the
Jacobian J¢(2) = |f.|>—|fz|? is nonnegative a.e., see [7, p. 10]. In this case, the complex
dilatation iy of f is the ratio pu(z) = fz/f., if f. # 0 and pu(z) = 0 otherwise, and the
dilatation Ky of f is K,,(z), see (2), and, thus, |p(2)| < 1and K,(z) > 1 ae.

Note that every homeomorphic ACL solution f of the Beltrami equation with K, €

L} . belongs to the class I/V1 ! as in all our theorems. Indeed,

1/2
ol £ = K32 (2)5%(2)
and by Holder’s inequality, on every compact set C' C D,
1/2
I felly < =l < K2 A (0))Y?

where A(f(C)) is the area of the set f(C'). Hence f € I/Vloc , see e.g. [5, p. 8]. Similarly,
it is easy to show that, if K, € L p € [1,00], then f € W, where s = 2p/(1 4 p) €
€ [1,2].

Note also that the condition f~1 € W on glven in the definition of a ring solution
implies that a.e. point z is a regular point for the mapping f, i.e., f is differentiable at z
and Jf(z) # 0, see Remark 2. Finally, note that the condition K, € L1OC is necessary for
a homeomorphic ACL solution f of (1) to have the property g = f~! € Wi)f because
this property implies that

/Ku(z) dmdy§4/% / |9w|? dudv < oo
w(z
c o)

for every compact set C C D.
Recall that a real valued function ¢ € L] (D) is said to be of bounded mean oscilla-
tion in D, abbr. ¢ € BMO(D) or simply ¢ € BMO, if

el = sup ][\w(Z) — ¢p| dedy < 0o
BCD %

where the supremum is taken over all disks B in D and

¥B —][ Ydxdy = / ) dzdy
(= B

is the mean value of the function ¢ over B. It is well-known that L>° (D) C BMO(D) C
C L} (D) foralll < p < oo, see e.g. [8]. A function ¢ in BMO is said to have vanishing
mean oscillation, abbr. ¢ € VMO, if the above supremum taken over all disks B in D
with | B| < e converges to 0 as ¢ — 0.

The BMO space was introduced by John and Nirenberg, see [9], and soon became
one of the main concepts in harmonic analysis, complex analysis and partial differential
equations. BMO functions are related in many ways to quasiconformal and quasiregular
mappings, see e.g. [10—15], and to mappings with finite distortion, see e.g. [16—19].
VMO has been introduced by Sarason, see [20]. A large number of papers are devoted to
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the study of existence, uniqueness and properties of solutions for various kind of differen-
tial equations and, in particular, of elliptic type with VMO coefficients, see e.g. [21 —24].
In this connection, it should be noted that by a recent result of Brezis and Nirenberg in
[25] the Sobolev class Wi)cz is a subclass of VMO, see also [26].

Let D be a domain in the complex plane C. We say that a function ¢: D — R has
finite mean oscillation at a point zg € D, abbr. f of FMO at zg, if

do(z0) =T [(2) — B (z0)|dady < o0 (5)
D(z0,e)
where
Pelan) = ple)dudy < oc (6)
D(z0,e)

is the mean value of the function ¢(z) over the disk D(zg, ) with small € > 0. Thus, the
notion includes the assumption that ¢ is integrable in some neighborhood of the point 2.
We call di,(z) the dispersion of the function ¢ at the point zy. We say that a function
w: D — R is of finite mean oscillation in D, abbr. ¢ € FMO(D) or simply ¢ € FMO,
if ¢ has a finite dispersion at every point z € D. We call also the number

dy(20,60) = sup ][ |g0(z) — @E(zo)| dxdy < 0o (7)

EE(O,Eo]D(zO’E)

the maximal dispersion of the function ¢ in the disk D(zg, €g).
Below we use the notations D(r) = D(0,r) = {z € C: |z] < r} and

Alg,e0) ={2€C:e < |z] <&} (8)

Lemma 1. Let D C C be a domain such that D(e™') C D, and let ¢: D — R be
a nonnegative function. If o is integrable in D(e~') and of FMO at 0, then

dxd 1
P drdy 1051 )
1 3
Alee-1) (|z\ log Bl
fore € (0,e7¢) where
C =220 + 3edo], (10)

©o is the mean value of o over the disk D(e™ ') and dy is the maximal dispersion of  in
D(e™).

Versions of this lemma have been first established for BMO functions in [27, 28] and
then for FMO functions in [29] and [30, p. 251] (Lemma 2.15).

Conditions for the existence and uniqueness of ACL homeomorphic solutions for the
Beltrami equation can be given in terms of the maximal dilatation K ,(z). It was shown
for instance that if K,,(z) has a BMO or FMO majorant, then the Beltrami equation
(1) has a homeomorphic ACL solution, see e.g. [27, 28, 30, 31], cf. [32, 33]. Various
conditions for the existence of solutions for the Beltrami equation have been formulated
in terms of integral and measure constraints on K, see e.g. [32—39]. These conditions
assume either exponential integrability or at least high local integrability of the dilatation
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K, . Here, as in [2—-4], the existence criteria are expressed in terms of the tangential
dilatations K[ (z, zo).

In [30], we proved that if K,(z) has a majorant ()(z) of finite mean oscillation in D,
then (1) has a homeomorphic ACL solution. Now we prove a stronger result, namely,
the existence of a ring solution of (1) where the assumption on an FMO majorant for K,
in D is replaced by the weaker condition that every point zp € D has a neighborhood
U., and a function Q. : U,, — [0, co] which is of finite mean oscillation at z; such that
K[ (2,20) < Qz(2) forall z € U.,, see Theorem 4 in Section 3 below. This as well as
other new existence theorems established here are based on a general existence principle,
Lemma 3. Some of these existence theorems are expressed in terms of the mean and
the logarithmic mean of the tangential dilatation Kg(z, zo) over infinitesimal disks and
annuli centered at 2y, see e.g. Theorems 5 and 6. We also use Lemma 3 in a new proof of
an extension of Lehto’s theorem, Theorem 7, that we have first established in [4]. Finally,
note that a series of interesting distortion theorems have been formulated in various terms
in Section 2, see Remark 3 in the end of the work.

2. Distortion estimates for ring Q-homeomorphisms. Below we use the stan-
dard conventions a/oo = 0 for a # oo and a/0 = coif a > 0 and 0 - 0o = 0, see
e.g. [40, p. 6].

Given a measurable function Q: D — [1, oo], we say that a homeomorphism f: D —
— C is a Q-homeomorphism if

M(ST) < / Q(2) - PP (2)dudy (11)
D

holds for every path family I in D and each p € admI'. This term was introduced in [41 —
43].

Recall that, given a family of paths T in C, a Borel function p: C — [0, cc] is called
admissible for I', abbr. p € adm T, if

[ o)1z 21

B

for each v € I'. The modulus of T" is defined by

: 2
M) = pGg(:llan p°(z)dzdy.
C
We say that a property P holds for almost every (a.e.) path «y in a family I" if the subfamily
of all paths in I" for which P fails has modulus zero. In particular, almost all paths in C
are rectifiable.

Given a domain D and two sets E and F in C, I'(E, F, D) denotes the family of all
paths 7y: [a,b] — C which join £ and F in D, i.e., v(a) € E, y(b) € F and y(t) € D
fora <t <b WesetI'(E,F) = I'(E, F,C) if D = C. A ring domain, or shortly a
ring in C is a doubly connected domain R in C. Let R be a ring in C. If C; and Cs are
the connected components of C \ R, we write R = R(Cy, Cs). The capacity of R can be
defined by

capR(Cl,C’g) :M(F(Cl,OQ’R))7 (12)

see e.g. [44]. Note that
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ON THE THEORY OF THE BELTRAMI EQUATION 1575

M(T'(Cy,C2, R)) = M(I(Cy, C2)), (13)

see e.g. Theorem 11.3 in [45].

Motivated by the ring definition of quasiconformality in [46], we introduce the fol-
lowing notion that localizes and extends the notion of a @Q-homeomorphism. Let D be
a domain in C, zg € D, ro < dist(z9,0D) and Q: D(zp,79) — [0,00] a measurable
function in the disk

D(zp,70) = {2z € C: |z — 2] < ro}.
Set
A(ry,r2,20) = {2 € C: 11 < |z — 20| < 12},
C(zo,m:) ={2 € C: |2 — 20| =7}, i=1,2.

We say that a homeomorphism f: D — C is a ring Q-homeomorphism at the point z if

mmRUchﬂb>§/Qxa-ﬁﬂz—%D¢wy (14)
A

for every annulus A = A(ry,7r2,20), 0 < 11 < ro < 19, and for every measurable
function n: (ry,r2) — [0, 0o] such that

/n(r)dr =1 (15)

Note that every Q-homeomorphism f: D — C is a ring Q-homeomorphism at each
point zp € D. The next proposition gives other conditions on f which force it to be a ring
(-homeomorphism, see Theorem 2.17 in [4].

Proposition 1. Let f: D — C be a sense-preserving homeomorphism of the class
WI})CZ such that f~! € Wli)cz Then at every point zg € D the mapping f is a ring Q-
homeomorphism with Q(z) = K[ (z, z0) where ju(z) = puy(z).

If f is a plane I/Vﬁ)f homeomorphism with a locally integrable K¢(z), then f~! €
€ Wé’f, see e.g. [47]. Hence we obtain the following consequence of Proposition 1.

Corollary 1. Let f: D — C be a sense-preserving homeomorphism of the class
Wléf and suppose that K ;(z) is integrable in a disk D(z, o) C D for some zy € D and
ro > 0. Then f is a ring Q-homeomorphism at the point zg € D with Q(z) = Kg(z, 20)
where p(z) = ps(z).

Note also the convergence theorem which plays an important role in our scheme for
deriving the existence theorems of the Beltrami equation, see Theorem 2.22 in [4].

Proposition 2. Let f,,: D — C,n =1,2,..., be a sequence of ring Q-homeomor-
phisms at a point zy € D. If f,, converge locally uniformly to a homeomorphism f: D —
— C, then f is also a ring Q-homeomorphism at the point z.

For points z, ( € C, the spherical (chordal) distance s(z,() between z and ( is

given by

[z = ¢
(14222 (1 +[¢?)?

5(2.0) = if 2#00#¢,
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1
(1+ =)}

Given a set E C C, §(FE) denotes the spherical diameter of E, i.e.,

s(z,00) = if z# 0.

0(FE)= sup s(z1,22).
z1,20€FE

Given a number A € (0,1), a domain D C C, a point 2y € D, a number ry <
< dist (zp, 0D), and a measurable function Q: D(zg,r9) — [0, 0], let 9‘{6 denote the
class of all ring Q-homeomorphisms f: D — C at 2, such that

5(T\ f(D)) > A (16)

Next, we introduce the classes %é and Sé of certain qc mappings. Let %8 denote the
class of all quasiconformal mappings f: D — C satisfying (16) such that

-2
Kg(z,zo) = MBIE <Q(z) ae.in D(zg,70) (17)

where ;1 = py. Similarly, let 8’8 denote the class of all quasiconformal mappings f: D —
— C satisfying (16) such that

< Q(z) ae.in D(zg,7g) - (18)

Remark 1. Note that
36 CB5 C R (19)

Lemma 2. Letr f € 9‘{6 and 1. : (0,00) — [0,00], 0 < € < 719, a one parameter
Sfamily of measurable functions such that

0<I(e)= /%(t)dt < oo, €€(0,79). (20)

Then, for all ¢ € D(zg,10),

(0 F0) = oww (— - ) (21)
where
w(€) = gy | QUVE(= = zoldady (22
A(e)

and A(e) = A(e,ro,20) = {2 € C: e < |z — 20| <10 }.
Proof. SetC ={z2€ C:|z— 2z =|¢C— 2|} and Cy = {2z € C: |z — 29| = 7o}
Then

39 2T
s(£(C), f(z0)) < Fexp (‘W)

forevery f € 9%8 by Lemma 3.21 in [4]. Thus, choosing n(r) = ¢:(r)/I(e),r € (g,r0),
in (14), we come to (21).
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Theorem 1. Let f € %8 and ¢ [0, 00] — [0, 00| a measurable function such that

0< /W) dt < 00, =€ (0,r0). (23)
Suppose that
[ @@ zhisay < [ua (24)
e<|z—z0|<ro €
foralle € (0,1¢). Then
SO feo)) < Fexp | =5 [ vty (25)
[¢—zo|

whenever ¢ € D(zg,10).

In particular, Theorem 1 which is an immediate consequence of Lemma 2 makes
possible to estimate the distortion in terms of the mean value of @ over balls and its
maximal dispersion, see (7).

Theorem 2. Let f € 9%8. Then

1

32 egg \ Po
S(F(O. Fle)) < 52 (1og - ZO|> (26)
for every point ( € D(zg,e'~%eq) where
Bo = 2qo + 3€*do, (27)

qo is the mean value and dy the maximal dispersion of Q(z) in D(zg, ).

Proof. With no loss of generality we may assume that () has finite mean oscilla-
tion at zp and integrable over a disk D(z,&() because otherwise (26) is trivial. The
mean value and the dispersion of a function over disks are invariant under linear trans-
formations w = (z — zp)/eeq. Hence, (26) follows by Lemma 1 and Theorem 1 with
(1) = 1/(tlog 1/1).

Choosing in Lemma 2 a special functional parameter (¢) we obtain also the follow-
ing distortion theorem for ring ()-homeomorphisms in terms of the mean value of () over
spheres.

Theorem 3. Let f € RE. Then

(O Se) < oo | = [ (28)
[¢—2o0]

forall ¢ € D(zo,ro) where q(r) is the mean of Q(z) over the circle |z — zg| = .

Proof. With no loss of generality we may assume that the integral I # 0 in (28)
because otherwise (28) is trivial and that I # oo because otherwise we can replace Q(z)
by Q(z) + ¢ with arbitrarily small § > 0 and then take the limit as § — 0 in (28). Note
that RS C 9§, 5. The condition I # oo implies, in particular, that ¢(r) # 0 a.e. in
(g,70), & = | — 20]- Set
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1/[tq(t)], t € (e,m0),
o-|
0, otherwise.

Then

/Q *(Iz = 20|)dady = 271

where A = A(e,r0,20) = {2 € C: e < |2 — 20| <70}

Another consequence of Lemma 2 can be formulated in terms of the logarithmic mean
of @ over an annulus A(e) = A(e,eg,20) = {z eC:ie<|z—2] < 50} which is
defined by

€0 €0
1 dt
M2 (e t)dlogt := t)— 29
96 = fadogt = = ) (29)
where ¢(t) denotes the mean value of ) over the circle |z — 29| = ¢. Choosing in the

expression (21) ¥.(t) = 1/t for 0 < € < &g, and setting ¢ = |{ — zp| we have the
following statement.

Corollary 2. Let Q: D(zp,70) — [0,00], ro < dist (29,9D), be a measurable
function, eg € (0,79) and A > 0.If f € %8, then

1/ME, (1¢~20l)
s s < 55 (452 (30)

forall ¢ € D(zp,¢0).

3. A general existence lemma and corollaries.

Lemma 3. Let y: D — C be a measurable function with u(z)‘ < 1 ae. and
K, € Li .. Suppose that for every zo € D there exist o < dist (29, 0D) and a family of
measurable functions 1, ¢ : (0,00) — (0,00), € € (0,¢0), such that

€0

0<I,() = /sz,E(t)dt < 0, (31)

and

KE(Z, Zo)¢§078(|z — ZODdxdy = 0([30 (5)) (32)

e<|z—z0|<eq

as € — 0. Then the Beltrami equation (1) has a ring solution f,,.

Proof Fix z; and 25 in D. For n € N, define u,,: D — C by letting p,(2) =
= u(z) if ‘,u ’ < 1—1/n and O otherwise. Let f,, : D — C be a homeomorphic
ACL solutlon of (1), with pu,, instead of p, which fixes z; and 2. Such f, exists by
the well-known existence theorem in the nondegenerate case, see e.g. [48, p. 98], cf. [7,
p. 185 and 194]. By Proposition 1 and Lemma 2, in view of (32), the sequence f,, is
equicontinuous and hence by the Arzela— Ascoli theorem, see e.g. [49, p. 267], and [50,
p- 382], it has a subsequence, denoted again by f,,, which converges locally uniformly
to some nonconstant mapping f in D. Then, by Theorem 3.1 and Corollary 5.12 in [27]
on convergence, f is K(z)-qc with K(z) = K,(z) and f satisfies (1) a.e. Thus, f is
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a homeomorphic ACL solution of (1). Moreover, by Propositions 1 and 2 f is a ring
(Q-homeomorphism, see (14), with Q(z) = Kg(z, zp) at every point zg € D.

Since the locally uniform convergence f,, — f of the sequence f, is equivalent to
the continuous convergence, i.e., f,,(zn) — f(20) if 2, — 20, see [49, p. 268], and since
f is injective, it follows that g, = f, ! — f~! = g continuously, and hence locally
uniformly. By a change of variables which is permitted because f, and g,, are in I/Vlif ,
see e.g. [7, p. 121, 128, 130, and 150], we obtain that for large n

dxdy
8n2dd:/—</ dzdy < 33
J1oaavio = [ TR < [Q@dsy <0 @)
B gn(B) B*

where B* and B are relatively compact domains in D and in f(D), respectively, such
that g(B) C B*. The relation (33) implies that the sequence g,, is bounded in W'2(B),
and hence f~' € W.2(f(D)), see e.g. [51, p. 319].

Remark 2. If f, is as in Lemma 3, then f 1 is locally absolutely continuous and
preserves nulls sets, and f,, is regular a.e., i.e., differentiable with J o (z) > 0 a.e. Indeed,
the assertion about f;l follows from the fact that f;l € Wll(ﬁ, see [7,p. 131 and 150]. As
an ACL mapping f, has a.e. partial derivatives and hence by [6] it has a total differential
a.e. Let I/ denote the set of points of D where f, is differentiable and J;,(2) = 0, and
suppose that |E| > 0. Then | f,,(E)| > 0, since E = f, ' (f.(E)) and f; ! preserves null
sets. Clearly f, 1 is not differentiable at any point of f,,(E), contradicting the fact that
'n 1 is differentiable a.e.

Corollary 3. Let i: D — C be a measurable function with |u(z)| < 1 ae., K, €
€ Li ., andlet): (0,00) — (0,00) be a measurable function such that for all 0 < t; <

<ty <00
to ta
0< [ ¥(t)dt < oo, Y(t)dt = 0. (34)
/ /

Suppose that for every zy € D there is eg < dist(zg, dD) such that

K (2)¢? (12 = 20]) dady < O / W(t)dt (35)

e<|z—zo|<e0

as € — 0. Then (1) has a ring solution.
Lemmas 1 and 3 yield the following theorem by choosing

1

= . 36
tlog% (36)

1/)2076 (t)

Theorem 4. Let 2 D — C be a measurable function with ’ u(z)‘ < 1 a.e. and
K, € Li . Suppose that every point 2o € D has a neighborhood U, such that

loc®
K;F(z,zo) < Qy(2) ae (37)

for some function Q ,,(2) of finite mean oscillation at the point zy in the variable z. Then
the Beltrami equation (1) has a ring solution.
The following theorem is an immediate consequence of Theorem 4.
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Theorem 5. Let pi: D — C be a measurable function with |p(z)| < 1 a.e. and
K, ¢ Ll . Suppose that at every point zy € D

loc*

2

z—z
‘1 - ZEN(Z)
lim dzdy < oo. 38
2 TP (3%)
D(Zoﬁ.‘)

Then the Beltrami equation (1) has a ring solution f,,.

Applying Lemma 3 with ¥ (¢) = 1/t, we have also the following statement which
is formulated in terms of the logarithmic mean, see (29), of KE(Z, z0) over the annuli
Ale) ={z€C:e < |z — 2| < g0} forafixed eg = §(20) < dist (z0, D).

Theorem 6. Let yi: D — C be a measurable function with |u(z)| < 1 ae and
K, € Llloc. If at every point zy € D the logarithmic mean of KZ over A(e) does not
converge to oo as € — 0, i.e.,

T

liminf M, ¥ (¢) < 00, (39)

e0 | log

then the Beltrami equation (1) has a ring solution.
Corollary 4. Let 2 D — C be a measurable function with ‘,u(z)’ < 1lae and
K, € Li,. Denote by qL (t) the mean value of KE(Z, z0) over the circle C = {z €

loc*

€C:lz—z| =t} If

o
JRACERE (40)
0

at every point zo € D for some 6(zo) > 0, then (1) has a ring solution.
Lehto considers in [2] degenerate Beltrami equations in the special case where the
singular set S|,

Su = {Z € C: lim [[KpllLe(pz0) = OO}
of the complex coefficient x4 in (1) is of measure zero, and shows that, if for every zp € C
and every r; and 15 € (0, 00) the integral
T2
/ dr -
T L T 22T
r(1+ % (r))
r1
is positive and tends to oo as either 71 — 0 or ro — co where

1 2“‘1 7672i19u(20+7,6i19)|2

T
0z, (1) = / ; dd,
’ 2 ;1= |11(z0 + 7’6“9)’2

then there exists a homeomorphism f: C — C which is ACL in C \ S, and satisfies (1)
a.e. Note that the integrand here is the tangential dilatation K E(z, 20), see (4).

We present now an extension of Lehto’s existence theorem which enables to derive
many other existence theorems as it was shown in [4]. In this extension we prove the
existence of a ring solution in a domain D C C which by the definition is ACL in D and
not only in D \ S,,. Note that, in the following theorem, the situation where S, = D is
possible. Note also that the condition (41) in the following theorem is weaker than the
condition in Lehto’s existence theorem.
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Theorem 7. Let D be a domain in C and let jv: D — C be a measurable function

with |,u(z)| < la.e and K, € L} . Suppose that at every point zy € D
6(zo0) p
r
—— =00 (41)
rql, (r)

where eg = 6(20) < dist (20, 0D) and ¢, (r) is the mean of K} (z, z0) over |z — zo| = 7.
Then the Beltrami equation (1) has a ring solution.

Proof. Theorem 7 follows from Lemma 3 by special choosing the functional param-
eter

1/[tqZ,(1)], t € (0,e0),

0, otherwise.

Vage(t) = P2 (8): =
Corollary 5. IfK, € L}, and at every point zy € D

1
qZT0 (ry=0 (log —) as r—0, (42)
r

then (1) has a ring solution.

Since K} (z,20) < K,(z) we obtain, in particular, as a consequence of Theorem 7
the following result which is due to Miklyukov and Suvorov [38] for the case K, € L{ _,
p> 1

Corollary 6. IfK, € L} forp > 1and (41) holds for K ,(z) instead of K} (2, z)
for every point zg € D, then (1) has a Wli’cs homeomorphic solution with s = 2p/(p+1).

Since the maximal dilatation dominates the tangential dilatation, all the above re-
sults obviously imply similar existence theorems in terms of conditions on the maximal
dilatation established earlier in [30] which are important particular cases, see also the
survey [39].

Remark 3. Note that all the distortion estimates for ()-homeomorphisms given in
Section 2 can be applied to ring solutions from the above existence theorems. Indeed,
in these theorems, for every domain D C C and every pairs of points z; and zo € D
and wy and wy € C, there exist ring solutions with the normalization f(z;) = w; and
f(z2) = w,. The estimates hold for such solutions with Q(z) = K (z,z) and A =

=min (1/(1+ \w1|2)1/2, 1/(1 + |wg|?)*/?) and, in particular, if w; = 0 and wy = wy,
then A = 1/(1 + |w0|2)1/2. For ring solutions with | f(z1)| and |f(22)| < R < o0,
A=1/(1+ R?)Y2
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