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!. ". #$%&'() ("*+,-.  ./ -0, $.+.1)  

*+#,-". */00+!/102*3 ,  
+ *425*34" !.624 7/! ,1 Ð #"8#"*" -" *71!1  

We investigate the behavior of quantities that characterize the strong summability of Fourier Ð Laplace series.  On this 

basis, we establish some properties of the Fourier Ð Laplace series of functions of the class  L2(Sm! 1) . 

!"#$%&'()*+#, -"./&%012 ./$3430, 5" 62721*/738(9*+ #3$+0( #(:".0%#*+ 7,&%. ;(7Õ) Ð <2-$2#2, % 02 =6 "#0".% 
02./&/0" &/,1% .$2#*3."#*% 7,&%. ;(7Õ) Ð <2-$2#2 >(01?%@ 1$2#(  L2(Sm! 1). 

1.  49:;:<(:.   2.304  
 
Sm!1 = x = x1,É , xm( ) "Rm : xi

2 = 1
i =1

m#{ } ,  m ! 3, Ñ  567/78/,9 

3:5 ;, <  m-15;/=1 5<>?76=<=1 @;=30;,/30<5  Rm, Lp(Sm! 1),  p = 1, 2, Ñ  @;=30;,/30<= 7-15-

;7 1A+ :./>B7C f x( ) c /=;1=C 

 f Lp(Sm! 1) =
Sm! 1

!

" f x( ) p dS x( )
#

$
%%

&

'
((

1/ p

,
Sm! 1

!

" dS x( ) = 1, 

D65  dS x( ) Ñ  E?515/0 @?=F,67 @=<5;+/=307  Sm! 1,  L(Sm! 1) =
df

L1(Sm! 1) , 

 f , g( ) =
Sm! 1

!

" f x( ) g x( ) dS x( ) 

Ñ  3>,?9;/=5 @;=7-<565/75 <5F530<5//=-/,8/A+ :./>B7C >?,33, L2(Sm!1). 

G./>B7H  x! =
df

x"
! "

" =1

m# ,   ! " # Z+ ,  ! "" =1

m# = k  /,-A<,H0 ,?D5*;,7853>71 1=/=1=1 

@=;96>,  k   =0  m   @5;515//A+. 
#7/5C/,9 >=1*7/,B79 1=/=1=<  k -D= @=;96>, /,-A<,5039 =6/=;=6/A1 @=?7/=1=1  k -D= @=-

;96>,.  I3?7 =6/=;=6/AC @=?7/=1  k -D= @=;96>,  Pk(x)  .6=<?50<=;950 .;,</5/7H #,@?,3, 

 ! Pk(x) = 0 , 

0= =/ /,-A<,5039  m-15;/A1 D,;1=/7853>71 =6/=;=6/A1 @=?7/=1=1  k -D= @=;96>,. 

J/= K530<= 3.K5/7C /,  Sm!1  <35+ D,;1=/7853>7+ =6/=;=6/A+ @=?7/=1=<  Pk (x)  @=;96>,  
k   (3:5;7853>7+ D,;1=/7>) =*;,-.50 @;=30;,/30<=  Hk   ;,-15;/=307  

 ak =
m+ k + 1

k

!
"#

$
%&
'

m+ k ' 3
k ' 2

!
"#

$
%&

. 

L5;5-  Yj
k( )(x),  1 ! j ! ak ,  *.651 =*=-/,8,04 E?515/0A =;0=/=;17;=<,//=D= *,-73, <  Hk .  
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2.304  f ! L(Sm" 1)  7 

 S f[ ] =
k=0

!

"
j =1

ak

" cj
k( )Yj

k( ) x( ) =
k=0

!

" Yk f , x( ), (1) 

D65 

 cj
k( ) = cj

k( ) f( ) = ( f ,Yj
k( )) =

Sm! 1

!

" f x( )Yj
k( ) x( )dS x( ) 

Ñ  >=E::7B75/0A G.;45 Ñ  #,@?,3, :./>B77  f (x),  Yk f , x( ) Ñ  @;=5>B79  f (x)  /, @;=30-
;,/ 30<=  Hk   3:5;7853>7+ D,;1=/7> 305@5/7  k . 

2=6;=*/,9 7/:=;1,B79 = 3:5;7853>7+ D,;1=/7>,+ 3=65;K7039 < 72A"*26 [1 Ð 3]. 
2.304, 6,?55, 

 Sn f , x( ) =
k=0

n

!Yk f , x( ) 

Ñ  3.11A G.;45 Ð #,@?,3, @=;96>,  n ,  ! = "k{ } ,  k = 0,1,…, Ñ  /5>=0=;,9 @=3?56=<,05?4-
/=304 /5=0;7B,05?4/A+ 8735?,  ! " k = " k+1 # " k ,  k = 0,1,É .  B<5651 < ;,331=0;5/75 <5?787/. 

 H2 x( ) = H2 f , x, !( ) =
df

k=0

"

# $! k f x( ) %Sk f , x( ) 2, (2) 

+,;,>05;7-.HF.H 37?4/.H 3.117;.51=304 3 @=>,-,05?51 2 ;96, G.;45 Ð #,@?,3, (1). 
&-.85/75 3<=C30< 3.11A ;96, (2) 9<?95039 =6/71 7- ,3@5>0=< 05=;77 37?4/=C 3.117;.5-

1=307 ;96=<. 
2=6=*/A5 <5?787/A 6?9 =;0=/=;17;=<,//A+ /, >=/58/=1 =0;5->5 373051 :./>B7C ;,3 -

31,0;7<,?734 ;,/55 M. ". G=17/A1 [4].  L,304 @;7<=671A+ /7K5 ;5-.?40,0=< 9<?9H039, < 7--
<530/=1 31A3?5, 3:5;7853>717 ,/,?=D,17 3==0<5030<.HF7+ ;5-.?40,0=< ;,*=0 M. ". G=17/, 
[4], $. N.  O5;/P05C/, [6], Q. $,3, [7], M. R,;67 [8], M. S5C?9 [9]. 

2.  *(=><$) %&??('&:?@%A> <$ %B:': ( A:@':?C 9=@D:<(). 

3:@':?$ 1.   +(,&-   f (x) ! L2(Sm" 1),  ! = "k{ } ,  k = 0,1, 2,…, Ñ  )."/&/#%0 ).(123%4 -
5%0 6/,7.8/3%&.7-)/,&- )./&#9:%&.7-)2; <9,.7.  =70 &/>/ <&/12 #08  (2) ,;/897,0 6/<&9 

3,48( )% ,?.#.   Sm! 1  " )."/&/#/@ ?()":99   H2(x) !L! (Sm"1),  )./1;/89$/ 9 8/,&%&/<)/ 
326/7).)9 е (,7/390  

 
k=0

!

" #k
j =1

ak

" cj
k( ) 2

< ! , (3) 

979, <&/ &/ '. ,%$/.,  

 
k=0

!

" #k Yk f , x( ) L2(Sm$1)
2 < ! , (3C) 



$&#TN"' $%JJ&!%IJQ$U T & $SQV$US" !'(QS G %!TI Ð #"2#"$" N" $GI!I  651 

ISSN 1027-3190.  !"#.  $%&.  '(#)., 2012, & .  64, *  5 

6#9<.$ .,79   H2(x) ! L(Sm" 1),  &/  

 H2(x) L(Sm!1) =
k=1

"

# $k ! $0( ) Yk f , x( ) L2(Sm!1)
2 . (4) 

!"#$%$&'()*&+".   2.304  H2(x) !L(Sm"1)  7 @=?=K71 

 H2,n x( ) = H2,n f , x( ) =
k=0

n

!"#k f x( ) $ Sk f , x( ) 2. 

U=D6, < 37?. 7-<530/=C 05=;51A O. #5<7 7 ;,<5/30<, 2,;35<,?9 [3, 3. 19] /,+=671 

 H2 (x) L(Sm! 1) = lim
n" #

Sm! 1

!

$H2,n x( )dS x( )  = 

 =  lim
n! " k=0

n

# $%k

Sm&1

!

' f x( ) &Sk f , x( ) 2 dS x( )  =  lim
n! " k=0

n

# $%k
&=k+1

"

# Y& f , x( ) L2(Sm' 1)
2 . (5) 

2;715 /99 @;5=*;,-=<,/79 "*5?9, @=?.8,51 

 
k=0

n

! " #k
$=k+1

%

! Y$ f , x( ) L2(Sm&1)
2   = 

 =  
k=1

n

! "k # "0( ) Yk f , x( ) L2(Sm#1)
2 + "n+1 # "0( )

$=n+1

%

! Y$ f , x( ) L2(Sm#1)
2 ,      n = 1, 2,É . (6) 

&- 3.F530<=<,/79 >=/58/=D= @;565?, < (5) 3?56.50 3.F530<=<,/75 >=/58/=D= @;565?, < 
@;,<=C 8,307 (6), =0>.6, <A05>,50 .3?=<75 (3) 7?7 (3C).  (5C30<705?4/=, 3.F530<=<,/75 >=/58-
/= D= @;565?, < @;,<=C 8,307 (6) <?5850 =D;,/785//=304 =*=7+ 3?,D,51A+ < @;,<=C 8,307 (6).  
Q03H6, #$/&(/*  .3?=<75 (3) 7?7 (3C), 0,> >,> @;,<,9 8,304 < (6) ;,</, 

 
k=1

n

! " k Yk f , x( ) L2(Sm#1)
2 + " n+1

$=n+1

%

! Y$ f , x( ) L2(Sm#1)
2 # " 0 f

L2(Sm#1)
2 .  

2=E0=1. 7- (6) 3?56.50 ;,<5/30<= (4). 
Q*;,0/=, @.304 <A@=?/5/= .3?=<75 (3).  D"#1"$+1( @=3?56=<,05?4/=304  ! k   /5=0;7B,05?4-

/, 7 /5 .*A<,50, <0=;=5 3?,D,51=5 < @=3?56/51 <A;,K5/77 /5 @;5<EF2/*  <5?787/(   

 
! =n+1

"

# $! Y! f , x( ) L2 (Sm%1)
2 , 

>=0=;,9 < 37?. (3) 7?7 (3C) 30;517039 > /.?H @;7  n ! " .  2=E0=1. @;,<,9 8,304 .  (6) =D;, -
/785/,.  U=D6, 7- ;,<5/30<, (6) #$/&(/*  3+=671=304 ;96,  
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k=1

!

" #$k
%=k+1

!

" Y% f , x( ) L2(Sm&1)
2  

7 

 
Sm! 1

!

" H2,n x( ) dS x( ) =
k=0

n

# $%k
&=k+1

'

# Y& f , x( ) L2(Sm! 1)
2   !  

 !   
k=0

!

"#$k
%=k+1

!

" Y% f , x( ) L2(Sm&1)
2 < K, n = 1, 2,É . 

Q03H6, @= 05=;515 O. #5<7 -,>?H8,51, 80=  

 lim
n! "

H2,n(x) = H (x) # L(Sm$1) . 

U5=;51, 6=>,-,/,.  
2.304  

 En( f )L2(Sm!1) = inf
Tn

f ! Tn L2(Sm!1) 

Ñ  /,7?.8P55 @;7*?7K5/75 :./>B77  f (x) ! L2(Sm" 1)   < @;=30;,/30<5  L2(Sm! 1)   @=?7/=1, -

17 305@5/7 /5 <AP5  n : 

 Tn x( ) =
k=0

n

! !
j =1

ak

! bj
k( )Yj

k( ) x( ) . 

$@;,<56?7<= 0,>=5 .0<5;K65/75. 
3:@':?$ 2.   A//&)/B.)9.  

 
k=0

!

" #$kEk
2 f( )L2(Sm%1) < !  (7) 

C"393%7.)&)/ (,7/394  (3) 979 (3C). 
!"#$%$&'()*&+".   %3?=<75 (7) -,@7P51 < <765 

 
k=0

!

" #$k
Sm%1

!

& f x( ) %Sk f , x( ) 2 dS x( ) < ! . 

Q03H6, @= 05=;515 O. #5<7 3?56.50 3+=671=304 @=807 <3H6. /,  Sm ! 1  ;96, (2).  " E0= #"G$2#-
0"  05=;515 1 <?5850 3==0/=P5/75 (3).  Q*;,0/=, @=3>=?4>. 

 Ek
2 f( )L2(Sm! 1) = f x( ) ! Sk f , x( ) L2(Sm! 1)

2   =  
! =k+1

"

# Y! f , x( ) L2(Sm$1)
2 , 

;,<5/ 30<= (6) 1=K/= @;5630,<704 < <765  
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k=0

n

! " #kEk
2 f( )L2(Sm$1) =

k=1

n

! #k $ #0( ) Yk f , x( ) L2(Sm$1)
2  + 

 + ! n+1 " ! 0( )En
2 f( )L2 (Sm" 1) < K , K # const > 0 . 

Q03H6, 93/=, 80= 3==0/=P5/75 (3) <?5850 (7).   
2.304 05@5;4 

 H x( ) = H f , x, !( ) =
df

k=0

"

# $%k f x( ) &Sk f , x( ) . 

%3?=<79 <>?H85/79  H (x) ! L2(Sm" 1)   3=65;K,039 < 3?56.HF51 .0<5;K65/77. 

3:@':?$ 3.   +(,&- 870 )."/&/#/@ ).(123%45.@ 6/,7.8/3%&.7-)/,&9 )./&#9:%&.7-)2; 
<9,.7  ! = " k{ } ,  k = 0,1,É , 

 
k=0

!

"#$kEk! f( )L2 (Sm%1) < !, f x( ) &L2 (Sm%1) .  (8) 

D/>8% #08 

 
k=0

!

" #$k f x( ) %Sk f , x( )  (9) 

,;/89&,0 6/<&9 3, 48( )%  Sm ! 1  "    H (x) ! L2(Sm" 1) . 

!"#$%$&'()*&+".   I3?7, /,87/,9 3 /5>=0=;=D= /=15;,  n0,  En! f( )L2(Sm! 1) = 0 ,  n ! n0,  0= 

.0<5;K65/75 05=;51A 3 =85<76/=. 

2.304  En
! ( f )L2 (Sm! 1) > 0 ,  n = 0,1, 2É .  2=?=K71  t0 = 0,  tk =

! " #

E#( f )L2(Sm$1)
#=0

k$1% ,  

k = 1, 2,É . 
U=D6, .3?=<75 (8) =-/,8,50, 80= 

 
k=0

!

" #tkEk
2 f( )L2(Sm$1) < ! , 

7 < 37?. 05=;51A O. #5<7 ;96 

 
k=0

!

"#tk f x( ) $ Sk f , x( ) =
k=0

!

" #%k

Ek f( )L2 (Sm$1)
f x( ) $ Sk f , x( ) 2  

@=807 <3H6. /,  Sm! 1  3+=67039 > /5>=0=;=C 3.117;.51=C /,  Sm!1  :./>B77.  2;715/99 /5 ;, -
<5/30<= O./9>=<3>=D=, /,+=671 
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k=0

!

" #$k f x( ) %Sk f , x( )   !  

 !   
k=0

!

"#$kEk f( )L2 (Sm%1)
k=0

!

" #$k
Ek f( )L2 (Sm%1)

f x( ) % Sk f , x( ) 2
&
'
(

)(

*
+
(

,(

1/2

. 

Q03H6, 3 .850=1 .3?=<79 (8) -,>?H8,51, 80= ;96 (9) 3+=67039 > /5>=0=;=C :./>B77 7-  

L2(Sm ! 1)   @=807 6?9 <35+  x ! Sm" 1. 

U5=;51, 6=>,-,/,.  

3:@':?$ 4.   +(,&- #08  (9) ,;/89&,0 6/<&9 3,48( )%   Sm! 1  " )." /&/#/@ ?()":99   

H (x) ! L2(Sm" 1).  D/>8% 9$..& $.,&/ ,//&)/B.)9.  

 
k=0

!

" #k
2

j=1

ak
" c j

k( ) 2 < ! , (10) 

979, <&/ &/ '. ,%$/.,  

 
k=0

!

" #k
2 Yk f , x( ) L2(Sm$1)

2 < ! , (10C) 

6#9<.$ 

 H (x) L2(Sm! 1) "
k=1

#

$ %k
! Ð%0

!( )2
j =1

ak

$ cj
k( ) 2&

'
(

)(

*
+
(

,(

1/2

 = 
k=1

!

" #k! – #0!( )2 Yk f , x( ) L2 (Sm$1)
2%

&
'

('

)
*
'

+'

1/2

.(11) 

!"#$%$&'()*&+" .  2=?,D,9  

 Hn(x) =
df

k=0

n

! " #k f x( ) $ Sk f , x( ) , 

 !k f , x( ) =
df

f x( ) " Sk f , x( )  

7 @;715/99 @;5=*;,-=<,/79 "*5?9, 71551 

 H 2 x( ) ! Hn
2 x( ) !

k=0

n

" #$k%k f , x( )
2

  = 

 =  
k=0

n!1

" #k+1 ! #0( ) $k f , x( ) ! $k+1 f , x( ) + #n+1 ! #0( )$n f , x( )( )
2

  = 



$&#TN"' $%JJ&!%IJQ$U T & $SQV$US" !'(QS G %!TI Ð #"2#"$" N" $GI!I  655 

ISSN 1027-3190.  !"#.  $%&.  '(#)., 2012, & .  64, *  5 

 =  
k=0

n! 1

" #k+1 ! #0( )
j=1

ak
" c j

k( )Yj
k( ) x( ) + #n+1 ! #0( )$n f , x( )

2

. 

S 37?. ;,<5/30<, 2,;35<,?9 /,+=671  

 
Sm! 1

!

" H 2 x( ) dS x( )  "   
Sm!1

!

"
k=1

n

# $k ! $0( )
j=1

ak
#c j

k( )Yj
k( ) x( ) + $n+1 ! $0( )%n f , x( )

2

dS x( )  = 

 =  
k=1

n

! "k # "0( )2
j=1

ak
! c j

k( ) 2 + "n+1 # "0( )2
k=n+1

$

! !
j=1

ak
! c j

k( ) 2   "  

 "   
k=1

n

! "k # "0( )2

j =1

ak

! cj
k( ) 2

, n = 1, 2,É . 

U,>71 =*;,-=1,  

 H (x) L2 (Sm! 1) "
k=1

#

$ %k
! – %0

!( )2 Yk f , x( ) L2 (Sm! 1)
2&

'
(

)(

*
+
(

,(

1/2

. 

$?56.HF55 .0<5;K65/75 6,50 @=0=858/.H =B5/>. /, 3:5;5 >?,337853>7+ 37?4/A+ 3;56/7+ 
;96=< G.;45 Ð #,@?,3,. 

3:@':?$ 5.   +(,&-  f (x) ! L2(Sm" 1), ! = " k{ } ,  k = 0,1,É , Ñ  3/E#%,&%45%0 6/,7.8/3%-
&.7-)/,&- )./&#9:%&.7-)2; <9,.7.  F,79 326/7).)/ (,7/39.  

 
k=0

!

" #$k
! Ek2 f x( )L2(Sm%1) < ! , 

&/ 6/<&9 3,48( )% ,?. #.   Sm ! 1 

 
 

1
n +1 k=0

n

! " k f , x( ) # !H2(x)
1

n +1( )2
k=0

n

! 1

$%k
!

&
'
(

)(

*
+
(

,(

1/2

,      n = 0,1, 2,É , (12) 

>8. 

  
!H2 x( ) =df H2 x( ) ! L2 (Sm" 1) . 

!"#$%$&'()*&+".   2;715/99 /5;,<5/30<= )=P7 Ð O./9>=<3>=D=, /,+=671 

 
1

n +1 k=0

n

! "k f , x( ) #
1

n +1 k=0

n

! 1

$%k
!

k=0

&

!$%k
! "k f , x( ) 2'

(
)

*)

+
,
)

-)

1/2

  = 
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1

n +1 k=0

n

! 1
" #k

! H2 x( )
$
%
&

'&

(
)
&

*&

1/2

= H2 x( ) 1
n +1( )2 k=0

n

! 1
" #k

!

$
%
&

'&

(
)
&

*&

1/2

,! n = 0,1, 2,É , 

80= 7 0;5*=<,?=34 6=>,-,04. 

,('-*&+.'  1.  F,79  f (x) ! L2(Sm" 1)  9 870 )."/&/#/>/   ! ,  0 < ! " 1,  326/7)0.&,0 (, -
7/39.  

 En f( )L2 (Sm! 1) = O
1

n"
#
$%

&
'(
, 

&/ 6/<&9 3,48( )% ,?.#.   Sm! 1 

 

 

1
n +1 k=0

n

! " k f , x( ) #

!H2
$( ) x( ) ln n( )1/2+%

n$ , 0 < $ < 1,

!H2
1( ) x( ) ln n( )1+%

n! ,!!!!!!! $ = 1,

&

'

(
(

)

(
(

 

>8. 

 
 

!H2
!( ) x( ) =df

k=2

"

# k2! $1

ln k( )1+2% &k f , x( ) 2
'
(
)

*)

+
,
)

-)

1/2

, 0 < ! < 1, 

 
 

!H2
1( ) x( ) =

df

k=2

!

" k !

ln k( )1+2# $k f , x( ) 2%
&
'

('

)
*
'

+'

1/2

, , = 1, 

  
!H2

!( ) x( ) " L2(Sm#1),! 0 < ! $ 1. 

S 3,1=1 65?5, @=?=K71 

 ! k
! =

l=2

k " 1

# l2$ " 1

ln l( )1+2%, %> 0, !0 < $ &1. 

U=D6,  

 ! " k
! =

k2# $1

ln k( )1+2%, 

7 53?7 <A@=?/5/= .3?=<75 3?5630<79 1, 0= 

 
k=2

!

" k2#$1

ln k( )1+2%
Ek
2 f( )L2 (Sm$1) < ! . 

S E0=1 3?.8,5, 3=D?,3/= 05=;515 5, *.651 71504 



$&#TN"' $%JJ&!%IJQ$U T & $SQV$US" !'(QS G %!TI Ð #"2#"$" N" $GI!I  657 

ISSN 1027-3190.  !"#.  $%&.  '(#)., 2012, & .  64, *  5 

 
 

1
n +1 k=2

n

! " k f , x( ) # !H2
! x( ) 1

n +1( )2
k=1

n

! ln k( )1+2$

k2%&1

'
(
)

*)

+
,
)

-)

1/2

  !  

 !   

 

!H2
!( ) x( ) ln n( )1/2+"

n! , 0 < ! < 1,

!H2
1( ) x( ) ln n( )1+"

n !
,!!!!!!!!!! ! = 1.

#

$

%
%

&

%
%

 

,('-*&+.'  2.  +(,&-   f (x) ! L2(Sm" 1)  9  ! = " k{ } ,  k = 0,1, 2,…, Ñ  3/E#%,&%45%0 6/-
,7. 8/3%&.7-)/,&- )./&#9:%&.7-)2; <9,.7.  F,79 326/7).)/ (,7/39.   

 
k=0

!

"#$k! Ek2 f x( )L2(Sm%1) < ! , (13) 

&/  

 
1

n +1 k=0

n

! " k f , x( )
L2 Sm#1( )

$
H2 L(Sm#1)

n +1( )2 k=0

n

! 1

%&k
!

'
(
)

*)

+
,
)

-)

1/2

,     n = 0,1, 2,É . 

2.304, 6,?55,  ! = "k
n( ),  k,!n = 0,1, 2,…,  !k

n( ) = 0,  k >!n , Ñ  1,0;7B, 65C30<705?4/A+ 87-

35?, E?515/0A >=0=;=C /5 .*A<,H0 @=  k   7 @=687/5/A .3?=<7H M. ". G=17/, [5]: 

 n
k=0

n

! " #k
n( ) 2$

%
&

'

(
)

1/2

< K , K * const > 0 . (14) 

U=D6, @=807 <3H6. /,  Sm! 1 

 
k=0

n

! " #k
n( ) $k f , x( ) %

k=0

n

! " #k
n( ) 2&

'
(

)(

*
+
(

,(

1/2

k=0

n

! $k f , x( ) 2&
'
(

)(

*
+
(

,(

1/2

  !  

 !   
K

n1/2
k=0

n

! " k f , x( ) 2#
$
%

&%

'
(
%

)%

1/2

* K1
1

n +1 k=0

n

! " k f , x( ) 2#
$
%

&%

'
(
%

)%

1/2

. 

U,>71 =*;,-=1, @;7+=671 > #$/&(95/:(  .0<5;K65/7H. 

3:@':?$ 6.   +(,&- $%&#9:% <9,.7  ! = "k
n( ),  k,!n = 0,1,É ,  !k

n( ) = 0,  k >!n,  &%"/3%, <&/ 

.. C7.$.)&2 ). (123%4& 6/   k   9 (8/37.&3/#04& (,7/394  (14).  D/>8% для  f (x) ! L(Sm" 1)   
6/<&9 3,48( )%  Sm! 1 

 
k=0

n

! " #k
n( ) $k f , x( ) %K1

1
n +1 k=0

n

! $k f , x( ) 2&
'
(

)(

*
+
(

,(

1/2

. 

Q03H6, @=?.8,51 0,>=/  #$/&#*.3/ . 
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,('-*&+.'  3.  +(,&- 326/7).)2 3,. (,7/390 &./#.$2  6.  D/>8% для  f (x) ! L2(Sm" 1) 

 
k=0

n

! " #k
n( ) $k f , x( )

L2(Sm%1)

& K!
1

n +1 k=0

n

! Ek
2 f( )L2! (S

m%1)

'
(
)

*)

+
,
)

-)

1/2

,      n = 0,1, 2,É . 

3.  8'(=@D:<() 9 9@E'@%$F $G%@=HA<@I %F@;(?@%A( 9   L2(Sm! 1)  ');@9 7&'>: Ð #$E-
=$%$. 

3:@':?$ 7.   +(,&- f (x) ! L2(Sm" 1),  

 ! k =
l=0

k " 1

# dl , dl $ 0, l = 0,1,É , k = 1, 2,É , (15) 

9 

 
k=0

!

" dkEk2 f( )L2(Sm#1) < ! . (16) 

D/>8% 

 
k=0

!

"#k Yk f , x( ) L2(Sm$1)
2 < ! . (17) 

F,79  

 
 
tk =

l =0

k! 1

" !dk (18) 

9 

 
 k=0

!

" !dkEk
2 f( )L2(Sm#1) = ! , (19) 

&/  

 
k=0

!

"tk Yk f , x( ) L2 (Sm#1)
2 = ! . (20) 

!"#$%$&'()*&+".   2.304 <A@=?/5/"  .3?=<75 (16).  $ .850=1 (15) =/= @;7150 <76 

 
k=0

!

" #$kEk2 f( )L2(Sm%1) < ! . (21) 

%3?=<75 (21), 3=D?,3/= 05=;515 2, <?5850 3==0/=P5/75 (17).  I3?7 K5 <A@=?/5/= .3?=<75 
(19), 0= 3 .850=1 (18) @=?.8,51 

 
k=0

!

" #tkEk
2 f( )L2(Sm$1) = ! , 

, E0=, < 3<=H =85;564, 3=D?,3/= 05=;515 2, ;,</=37?4/= .3?=<7H (20). 
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,('-*&+.'  4.  F,79 870 )."/&/#/>/   ! ,  0 < ! " 1,  326/7)0.&,0 (,7/39.  

 En
! f( )L2 (Sm! 1) = O

1
n"

#
$%

&
'(

, (22) 

&/ для любого  ! > 0  

 
k=0

!

" Yk f , x( ) L2 (Sm#1)
2 k2$

ln k( )1+% < ! . (23) 

F,79, "#/$. &/>/,  

 En
! f( )L2 (Sm!1) "

K

n# , n = 1, 2,…, (24) 

K ! const > 0,  &/  

 
k=2

!

" Yk f , x( ) L2(Sm#1)
2 k2$

ln k
= ! . (25) 

!"#$%$&'()*&+".   2=?=K71 d0 = d1 = 0 ,  dk =
k2! " 1

ln k( )1+# ,  0 < ! " 1,  k = 2, 3,É .  U=D6, 7- 

.3?=<79 (22) #$/&(/*  (16) 7 < E0=1 3?.8,5, < 37?. 05=;51A 7, 3@;,<56?7<= .3?=<75 (17).  2=-
3>=?4>. 

 ! k =
l =2

k" 1

# l 2$ " 1

ln l( )1+% >
1

ln l( )1+%
l =2

k" 1

# l 2$ " 1 = O
k2$

ln k( )1+%

&

'
(

)

*
+, k = 3, 4,…, 

0= 

 
k=0

!

" #k Yk f , x( ) L2 (Sm$1)
2 %K

k=2

!

" k2&

ln k( )1+ ' Yk f , x( ) L2 (Sm$1)
2 ( ' > 0 , 

0. 5. 3@;,<56?7<= 3==0/=P5/75 (23). 
2=?=K71 05@5;4   

!d0 = !d1 = 0 , 

 
 

!dk =
k2!"1

ln k( )! , k = 2, 3,É . 

U=D6, .3?=<75 (24) <?5850 3==0/=P5/75 (19), , E0=, < 3<=H =85;564, .$/4/*  ;,<5/30<= (20).  
&- /5D= K5 3?56.50 .3?=<75 (25). 

$?5630<75 4 6=>,-,/=. 

,('-*&+.'  5.  F,79  f (x) ! L2(Sm" 1)  9 326/7).)/ (,7/39.  (22), &/ для любого  ! < "  

 
k=1

!

" Yk f , x( ) L2(Sm#1)
2 k2$ < ! . (26) 

(5C30<705?4/=, 53?7 <A@=?/95039 .3?=<75 (22), 0= @=?.8,51 3+=671=304 ;96, (23).  S 0,-
>=1 3?.8,5 &$, $9A"G"  ! < "  
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k=1

!

" Yk f , x( ) L2(Sm#1)
2 k2$ % K

k=1

!

" Yk f , x( ) L2(Sm#1)
2 k2&

ln k( )1+' . 

2;5K65 851 @5;5C07 > :=;1.?7;=<>5 .0<5;K65/79, >=0=;=5 <A05>,50 7- 3?5630<79 5, /,-
@=1/71 3?56.HF55 =@;565?5/75.  2.304  E Ñ  /=;17;=<,//=5  @;=30;,/30<= 7  yk ! E,  k = 0, 

1, É.  !96  ykk=1
!"   /,-A<,5039 ,*3=?H0/= 3+=69F7139, 53?7 3+=67039 873?=<=C ;96 

 
k=0

!

" yk E , 

, 53?7  E Ñ  *,/,+=<= @;=30;,/30<=, 0= ?H*=C ,*3=?H0/= 3+=69F7C39 <  E  ;96 3+=67039.   

2;7/71,9 <= </71,/75, 80= ?H*,9 :./>B79  ! f (x) !L2 (Sm"1)   =6/=-/,8/= @;5630,<71, < 

<765 3.11A 3+=69F5D=39 <  L2(Sm! 1)  ;96, G.;45 Ð #,@?,3,, @;7+=671 > 0,>=1. .0<5;K65/7H. 

,('-*&+.'  6.  I3?7  f (x) ! L2(Sm" 1)  9 3 (,7/399 (22)  ! >
1
2

,  &/ #08 G(#-. Ð H%67%,% (1) 

0370.&,0 %1,/74&)/ ,;/8059$,0 3   L2(Sm! 1),  &. ..  

 
k=0

!

" Yk f , x( ) L2 (Sm#1)
! < ! . 

S 3,1=1 65?5, <A*5;51  !   0,>, 80=*A  ! > " >
1
2

.  %870A<,9 3?5630<75 5 7 @;715/99 /5;, -

<5/30<= )=P7 Ð O./9>=<3>=D=, /,+=671  

 
k=1

!

" Yk f , x( ) L2(Sm#1)
! $

k=1

!

" Yk f , x( ) L2(Sm#1)
2! k2%

k=1

!

" 1

k2%

&
'
(

)(

*
+
(

,(

1/2

< ! . 

H?5630<7/  6 9<?95039 3:5;7853>71 ,/,?=D=1 ;5-.?40,0, $. N. O5;/P05C/, [6] =0/=3705?4-
/= ,*3=?H0/=C 3+=671=307 0;7D=/=150;7853>7+ ;96=< (31. 0,>K5 [7]). 

,('-*&+.'  7.  F,79  f (x) ! L2(Sm" 1)  9 326/7).)/ (,7/39.  (22), &/ для любого  ! ,  !  > 

> 
2

2! +1
,  ,6#%3.8793/ ,//&)/B.)9.  

 
k=0

!

" Yk f , x( )
L2(Sm#1)
$! < ! . (27) 

!"#$%$&'()*&+".   I3?7  ! " 2,  0= .0<5;K65/75 3?56.50 7- =B5/>7 

 
k=0

!

" Yk f , x( )
L2(Sm#1)
$! %

k=0

!

" Yk f , x( ) L2(Sm#1)
2! < ! . 

2.304  ! < 2.  $=D?,3/= 3?5630<7H 4,  &$, $9A"G" ! < 2"  

 
k=1

!

" Yk f , x( ) L2(Sm#1)
2 k$ < ! . 
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2=?=K71  p =
2
!
! p > 1( )  7  !p =

p
p " 1

=
2

2 " #
.  U=D6, < 37?. /5;,<5/30<, M5?465;, /,-

+=671  

 
k=1

!

" Yk f , x( )
L2(Sm#1)
$! %

k=1

!

" Yk f , x( ) L2(Sm#1)
2! k&'

(
)

*)

+
,
)

-)

$/2

k=1

!

" k&$/($#2! )'
(
)

*)

+
,
)

-)

1/ p

. 

2;7/71,9 <= </71,/75, 80=  ! >
2

" +1
>

2
2# +1

,  @;7+=671 > 3==0/=P5/7H (27). 

,('-*&+.'  8.  F,79  f (x) ! L2(Sm" 1)  9 326/7).)/ (,7/39.  (22), &/ для любого  ! < "  

 
k=1

!

" Yk f , x( ) L2(Sm#1)
! k$#1/2 < ! . 

(5C30<705?4/=, 53?7  !  Ñ  0,>=5 873?=, 80=  2! < " < 2# ,  0= /, =3/=<,/77 3?5630<79 5 @=-
?. 8,51  

 
k=1

!

" k#$1/2 Yk f , x( ) L2(Sm$1)
! %

k=1

!

" Yk f , x( ) L2(Sm$1)
2! k&'

(
)

*)

+
,
)

-)

!

k=1

!

" k2#$1

k&

'
(
)

*)

+
,
)

-)

1/2

< ! . 

2=3?56/55 .0<5;K65/75 0,>K5 9<?95039 3:5;7853>71 ,/,?=D=1 3==0<5030<.HF7+ ;5-.?4 -
0,0=< M. R,;67 [8], S5C?9 [9], M. ". G=17/, [4] =0/=3705?4/= 0;7D=/=150;7853>7+ ;96=< 7 ;9-
6=< @= @;=7-<=?4/A1 @=?/A1 =;0=/=;17;=<,//A1 /, =0;5->5 373051,1 :./>B7C. 
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